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Abstract 

We study the transfer matrix of the 8 vertex model with an odd number of lattice sites N. For 
systems at the root of unity points n = mK/L with m odd the transfer matrix is known to satisfy 
the famous li TQ" equation where Q(i>) is a specifically known matrix. We demonstrate that the 
location of the zeroes of this Q(i>) matrix is qualitatively different from the case of even TV and 
in particular they satisfy a previously unknown equation which is more general than what is often 
called "Bethe's equation." For the case of even m where no Q(i>) matrix is known we demonstrate 
that there are many states which are not obtained from the formalism of the SOS model but which 
do satisfy the TQ equation. The ground state for the particular case of n = 2K/3 and iV odd is 
investigated in detail. 
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I. INTRODUCTION 

The eigenvalues of the transfer matrix T(v) of the eight vertex model with periodic 
boundary conditions were computed long ago by Baxter-,-. This transfer matrix, as given 
in^ by 

T(u)\w = TtW{pi,i^)W{ t i 2 ,V2)---W(iJi N ,v N ) (1.1) 
where fij, Uj = ±1 and W(fi, v) is a 2 x 2 matrix whose nonvanishing elements are given as 

W(l, 1)11,! = W(-l, -1)1-1,-1 = pe(2v)e(v - v)H(v + v ) = a(v) 

w(-i, -i)| M = w(i, i)|-i,_i = P e(2 V )H{v - v )e(v + v ) = &(«) 

l)|i,_i = W(l, -1)1-1,1 = P^(2^)0(t; - 77)8(1; + 77) = c(«) 
W(l, -l)|i,_i = 1)1-1,1 = P H(2r))H(v - 7j)ff( V +77) = d(v), (1.2) 

has the important property that is satisfies the commutation relation 

[T(v),T(v')}=0. (1.3) 

The definition and some useful properties of H(v) and Q(v) are summarized in appendix A. 
The solution the 1972 paper- is restricted to the root of unity condition 

77 = mK/L (1.4) 

and a key property of the computation of the eigenvalues of T(u) is the definition of an 
auxiliary matrix Q(tj) with the commutation properties that 

[T( V ),Q(r/)] = (1.5) 

[Q00,Q(i/)]=O (1-6) 
and which satisfies the "TQ" equation 

T(u)Q(u) = [p6(0)% - 77)] JV Q(^ + 277) + [p0(O)% + rj)] N Q{v - 2rj) (1.7) 

where 

/i( v ) = e(v)/r(v). (1.8) 

The matrix Q 72 (v) defined in appendix C of2 was found in 6 (which will be referred to as 
paper I) to have the quasi-periodicity properties 

Q 72 (v + 2K) =SQ 72 (v) (1.9) 

Q 72 (v + 2iK') =q- N e- iN ™/ K Q 72 (v) (1.10) 

where 

N 

s = n^- (1.11) 

The operator S commutes with T(v) and Q 72 (v) 

[T(^),S] = [Q(t;),S]=0 (1.12) 
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and has eigenvalues ±1. Therefore we may diagonalize Q 72 (t>) in the space in which S is 
diagonal and in this subspace we see from (11. 9p and (ll.lOp that the eigenvalues (572(f) of 
Q 72 (f) satisfy 

Q 72 {v + 2K) ={-iyQ n (v) (1.13) 
Q 72 (y + 2iK') = q- N e~ iN ™' K Q 72 {v). (1.14) 

We note that under spin inversion cr| — > — cr| the eigenvalues of the transfer matrix are 
invariant but that S — > (—) N S. When N is odd each eigenvalue of T(t>) is therefore doubly 
degenerate; one with v' = and one with v' = 1. This phenomenon does not happen for iV 
even. 

We further found in paper I 6 that for even N if m is even and N > L — 1 then Q72(t>) 
does not exist and that for this case the eigenvalues of T(t>) could only be computed from 
(ll.7p by use of the symmetry property of the eigenvalues of the transfer matrix T(v; rf) valid 
for iV even 

T(v + K;K-rj) = (-iy'T(v;r)) (1.15) 

Thus for even N when the root of unity condition (11.41) holds all eigenvalues of T(t>) may 
be studied by means of the matrix Q 7 2(v) alone. 

An alternative method of computing the eigenvalues of T(v ) which gives in addition the 
eigenvectors of the transfer matrix was presented by Baxter in 1973 3 - 5 . In the course of this 
computation in sec. 6 of^ a new matrix Q(t> ) is defined for even N only (for all rj not just 
those satisfying (11.41) ) which also has the properties (ll.5p -( ]l~Tj) found in 2 . However, unlike the 
matrix of the 1972 construction, this new matrix commutes with the spin reflection operator 
R which sends the indices /ij and Vj into their negatives and instead of the quasiperiodicity 
conditions (II. 9p and (11.101) satisfies the quasiperiodicity conditions (10.5.36a) and (10. 5. 43. a) 
o£ 

Q 73 (v + 2K) =SQ 73 (v) (1.16) 

Q 73 (v + iK') =RSq- N /*e- iN ™/ 2K Q 73 (v). (1.17) 

In this paper we extend the considerations of paper I to odd iV and contrast the con- 
struction of the matrix Q 7 2{v) of^ with the construction of eigenvalues and eigenvectors of 
the transfer matrix T(t> ) of^. 

For the case of m odd in 11.41 the matrix Q72(f) defined in 2 - exists. In sec. 2 where we 
numerically compute the zeroes of the eigenvalues Q 7 2(v) for odd iV and find that they 
are qualitatively different from the case of N even. We also consider the construction of 
eigenvectors of^. However this method of computation of eigenvectors requires ((4.2) of^ 
and (1.11) of 5 ) that in order to satisfy the periodic boundary conditions the number of sites 
TV must be of the form 

N = 2n B + L 73 n L (1.18) 

where L 73 is defined from 

V = 2m 73 K/L 73 . (1.19) 
When m in the root of unity condition (II .4p is odd we see that (11.181) becomes 

N = 2n B + 2Ln L (1.20) 

which can obviously not hold for odd iV and thus the methods of^- 5 - are not applicable. 
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For odd iV when m is even or when rj is not of the form (jl.4p there is no analytic proof 
of the existence of a matrix Q(i>) with the properties (ll.5l) - (ll.7p . Nevertheless since every 
irrational number can be well approximated by a rational number of the form (11.41) it is of 
interest to consider (II. 7p as an equation for eigenvalues and numerically study the existence 
of solutions for the eigenvalues Q(v) and to compare these zeroes with the behavior of the 
zeros computed using the explicit form of Qrei/u). We do this in sec. 3. 

In sec. 4 we study the case where the root of unity condition (II. 4p holds with m even. 
This case is of particular interest because here some of the eigenvalues of the transfer matrix 
develop extra degeneracies over and beyond the double degeneracy of all eigenvalues which 
exists for odd N for all values of 77 because of spin reflection invariance. Furthermore in this 
case, even though no matrix Q(i>) is known, the methods of^ — allow the computation of 
(at least some ) eigenvectors and eigenvalues of T(v) provided that fl 1 . 1 8 [) is satisfied which 
for even m requires that 

N = 2n B + Ln L (1.21) 
with riB and ni integers. We will see that ris is the number of pairs of roots 

wfandwf + iK' (1.22) 

of the Q(v) which solves the TQ equation with T(v) and Q(v) considered as scalars and 
that 7i£ is the number of L-strings of the form 

v L k + 2JK/L, with j = 0, • • ■ , L - 1. (1.23) 

We study these scalar solutions numerically and find that while there are solutions for Q(v) 
which do have paired roots and L-strings there are also solutions with N roots where there 
are neither paired roots nor L-strings. The solutions of Q(v) with neither paired roots nor 
L-strings are not consistent with the restriction (11.211) . We therefore conclude that for odd N 
there are eigenvectors of the transfer matrix T(v) which cannot be obtained by the methods 
o£3Ji. These eigenvectors are significant because they include the ground state of the XYZ 
spin chain. We study this case analytically for 77 = 2K/3 in sec. 5. 

In sec. 6 we study the 6 vertex limit of the 8 vertex model where the associated spin 
chain becomes 

1 N 

R xxz = — EK^i + + Aff K+i} (1-24) 

with A = cos7rm/L, cn are Pauli spin matrices at site j and periodic boundary conditions 
are imposed. When m is odd we find that for every Q(v) with n < N/2 zeros which satisfies 
the TQ equation (I1.7P there is a second solution with N — n zeros which also satisfies 
( II. 7p with the same eigenvalue of T(i>). This is the extension to rational values of 7 of 
the phenomenon discovered by Pronko and Stroganov^ for irrational 7 and by Bazhanov, 
Lukyanov and Zamolodchikov^,— in the context of conformal field theory. We contrast our 
results with the case which has been previously studied^,-^-^ of rational 7 with iV even 
and also make contact with the special properties which the value A = —1/2 has for odd 
N—,—,—. We conclude with a discussion of the significance of our results in sec. 7. 

II. ODD N FOR rj = mK/L WITH M ODD AND L EVEN OR ODD 

When iV is odd with m odd and L even or odd then the restriction (ll.20p cannot be 
satisfied but the matrix Qre^) exists. Thus in this case we may proceed as we did in the 
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case of even N in paper I- and numerically determine the zeroes of the eigenvalues of Qra^) 
directly from the definition o&-. 

The most general function which satisfies the quasi-periodicity properties (11.131) and 
(I1.14p can be written in the factorized form 

N 

Q 72 (v) = K(q, v k )exp{-ivTCv/2K) ]J H(v - v 3 ) (2.1) 

3=1 

where the Vj are unique once we adopt a convention for the location of the fundamental 
region of the quasiperiodic function H(v). Substituting (12.11) in (I1.13P and using (lA4p we 
find 

^(u'+v+N) = 1 go v < + v + N = even integer (2.2) 

and substituting (12 .ip in (I1.14p and using (1A5I) we find 

^{-iuK'/K+N+^^/K) = 1 go TV _j_ {—viK' + ^2 Vj) /K — even integer. (2.3) 

3=1 

Taking real and imaginary parts of (12.31) we obtain the sum rule 

N 

N + ^2 R e ( v j) l K = even integer (2.4) 
i=i 

and find that v satisfies 

N 

v — lm(vj)/K' = even integer — u' — N. (2-5) 

where the value of the even integer and thus the numerical value of v depends on the 

conventions used to specify the fundamental region for Vj. 

We have numerically studied the zeros of all the eigenvalues Q72{v)- For the case of even 
we found in paper l£ that the zeros either occur in pairs (11.221) which we call Bethe roots 

or L-strings (ll.23p . Therefore for even N all the eigenvalues Q72{v) may be written as 

Q 12 {v) = JC{q, v h )exp(-ivnv/2K) IT^i H{v - vf)H{v - vf - iK 1 ) 

x U]=i H(v - vf)H(v - vf - 2K/L) ---H^- vf - 2(L - l)K/L) (2.6) 

where 

2n B + Ln L = N. (2.7) 

Using (1A8I) we may rewrite this as 

Q 72 ( v ) = t{q, v k )exp(-i(v - n B )7Tv/2K)(-t) n ^q- n ^ i U]=i h(v - vf) 
x n"=i H(v - vf)H(v - vf - 2K/L) ■ ■ ■ H(v - vf - 2(L - 1)K/L). (2.8) 

where 

iC(q,v k ) = JC(q,v k )e- m ^ v ? /{2K) (2.9) 
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The roots vf are called Bethe roots and by substitution of (12.81) into the TQ equation 
( ll.7p with v set equal to vf we see that the vf satisfy the "Bethe's" equation 

( h(v?-y) \ N _ e ^. nB)m/L ff hjvf - vf - 2rj) 

Wvf + n)) ~ e l\h(vf-vf + 2 V ) [ZA()) 

The roots vf are determined by the new functional equation conjectured in I§ 

Ae <*,(.«-*)--£ Qn(v _ 2lrj)Q72[v _ 2(( + m (2.H) 

where A' is a matrix (called A -1 in ref.-) which commutes with Q72(f ), is independent of v 
and depends on the normalization in the construction of (^(u). 

The present case when N is odd is quite different from the case N even previously studied. 
Now our numerical study finds that there are neither the paired solutions ( 11.22ft nor the L 
string solutions (II. 23ft . Instead of the pairing condition of roots (11.221) we now find that 
there is a pairing of solutions in the sense that for every set of roots Vj there is a second set 
of roots Vj + iK' which also gives an eigenvalue of Q72(f ) and these two paired eigenvalues 
of Q72(f) satisfy the TQ equation with the same eigenvalue of T(v) Noting that 

N N 

Im(u i + iK')/K' = N + Y,Im{vj)/K' (2.12) 

3=1 3=1 

we conclude from (12. 5p that when iV is odd the parity of v' for the shifted solution is opposite 
to the parity of i/ for the original solution. Thus since shifting all roots by iK' is equivalent 
to sending v —> iK' we conclude that 

Q 72 {v + iK'; v' = 0) = Q 72 {v; v' = 1) (2.13) 

We obtain an equation for the N roots Vj by using the factorized form (12.11) for Q 7 2(v) 
and set v = Vj in the TQ equation (11.71) to obtain for odd iV with m odd 

( h( Vl -mK/L) \ N = 2mum/L SL H( Vl - Vj - 2mK/L) 

\h(vi + mK/L) J ' H(v t - vj + 2mK/L) ' 1 ' ' 

which differs from the Bethe's equation (I2.10p for even iV in that the function H(v) appears 
on the right hand side instead of h(v) and the number of terms in the product is iV instead 
of tlb- This equation seems to be new in the literature. 



III. ODD N AND GENERIC 77 

For odd iV and rj not of the form (11.41) with m odd there is no analytic proof that there 
is a matrix Q(t>) with the properties (11.51) and (jl.6p which satisfies the TQ equation (11.71) . 
However for finite N if L is sufficiently large it should be impossible to tell the difference 
between values of 77 which are generic and those which satisfy (11.41) with m odd. Consequently 
instead of computing the zeroes of Q(v) using the specific form of Q72(f) given in ref.- we 
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may consider (11.71) as an equation for eigenvalues, and see numerically if for each eigenvalue 
T(v) it is possible to find a Q(v) which satisfies (11.71) . We have made such a study for iV = 7 
and iV = 9atg = 0.2 and find that for each eigenvalue of T(v) there do indeed exist two 
distinct functions Q(v) and Q(v + iK') which satisfy the TQ equation (11.71) . These functions 
Q(v) share with the eigenvalues of Q72(f) the property of having N roots and these roots 
satisfy the sum rules (12 .4p and (12.51) which follow from the quasiperiodicity conditions 

Q{v + 2K) ={-iy'Q{v) (3.1) 
Q(v + 2iK') =q- N e- tN7TV / K Q(v). (3.2) 

which generalize the quasiperiodicity conditions fll . 13j) and fll . 14|) of the eigenvalues of 
Q72(v). The N roots V/~ satisfy the generalization of (12.141) to generic values of eta 

h( v i-v) \ N = 2viv V /K t~t H(vi - Vj - 2r]) 

h(v l + rj)J ' l\ H (v l -v j + 2rjY [ ' > 

We refer to (13. 3p as the generic equation for roots. 

We give in table I an example of the relation of the zeroes of 2 eigenvalues of Q(v) 
computed for iV = 9 at r\ = K/3 from Q72{v) and computed numerically at r] — .35K from 
the TQ equation. 
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IV. ODD N FOR f] = m/L WITH M EVEN AND L ODD 



When rj satisfies the root of unity condition (ll.4p with m even and when A satisfies 
A = 2ns + Lrii (some of) the eigenvectors and eigenvalues of the transfer matrix T(v) may 
be computed by the methods o£~ As with the case of generic 77 there is no analytic proof 
in this case of the existence for odd A of a matrix Q (t>) which satisfies (ll.5l) - (ll.7p and to 
gain insight we numerically solve the TQ equation (ll.7p for scalar functions Q(v) for (1) 
77 = 2 A/3 and a nearby value rj = 0.65A for A = 9 and q = 0.2 and for (2) 77 = 2 A/5 and a 
nearby value of 77 = 0.398 for A = 7 and q = 0.2 For 77 = 0.65A and 0.398A the numerical 
solutions have the feature of generic values of 77 that they have A roots which satisfy the 
sum rules (12 .4p and (12. 5p . However, at precisely 77 = 2 A/3 and 77 = 2 A/5 there is qualitative 
change in the numerical solutions. For 77 = 2 A/3 there are only 2 solutions which have A 
roots and while for 77 = 2 A/5 for A = 7 the number of solutions with 7 roots decreases from 
128 to 58. All other solutions have less than A roots and they do not satisfy the sum rules 
( 12. 4p and (12.51) . We illustrate this in table II and table IV for 77 = 2 A/3 and in tables V and 
VI for 77 = 2A/5. 

What is clearly visible in the examples of tables II - V (and is seen in all the rest of the 
data) is that as rj — > 2mK/L two phenomena occur: 

1) There are n^L roots which move to form L strings where L roots satisfy 

a k , a k + 2r],---,a k + 2{L - 1)77 (4.1) 
and make a contribution to Q (v) of 

IIIl^-^- 2 3V) (4-2) 

k=l j=0 

which cancels out of (12.141) . 

2) The remaining % = (A — tilL)/2 roots arrange themselves in pairs v k and v k + iK! 
Taking into account both of these phenomena we see that the generic equation for the 

roots (12.141) reduces to the "Bethe's" equation (I2.10p derived in^Ji. However, the roots 
of those Q {v) which do not have paired roots and L strings as rj — > 2mK/L satisfy the 
generic equation (12.141) instead of the Bethe's equation (I2.10p . We thus conclude from these 
numerical studies that for odd A with m even there exist eigenvalues of the transfer matrix 
which cannot be obtained by the methods of^. For these states the eigenvalues Q (v) of 
the TQ equation (ll.7p have been found numerically to satisfy 

V ft >-( 2 ' + 1 >"> = 0. (4.3) 

£■„ Q (v - 2l V )Q {v - 2(1 + l)r,) v ' 

If there is one L string in the eigenvalue of Q D (f ) the string center of the limiting values 
drops out of the TQ equation but may be computed from the A — L roots which do satisfy 
the generic equation (13. 3p by means of the sum rule (I2.5p . When there are 3 or more L 
strings equations for the string centers may be obtained by again carefully taking the limit 
of the generic equation (13.31) for the roots of Q {v) by generalizing the corresponding 6 vertex 
computation of ref.— to find 



c - (fc+1) $ fc+1 ( Qj ) 



N h'(a j + (2k + l)r ]0 ) _™f H\a 3 -vf ) + (k + 1)2^) H'(a 3 - vf ] + k2 Vo ) ' 
h(a j + (2k+l) Vo ) ~l I H(aj - t> - 0) + (k + l)2r] ) H( aj - vf ] + k2 m ) 
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TABLE I: A comparison of the roots of eigenvalues of Q72(v) at rj = K/3 with numerical solutions 
to the TQ equation at r] = .35K for the nome q = 0.20. The roots of state 2 and 4 are shifted from 
those of state 1 and 3 by iK'(mod 2iK'). States 3 and 4 are the two degenerate ground states. 
The roots are accurate to the number of significant figures given. 



State 


Q(v) r] = 0.35K 


Q 72 {v) V = K/3 


1 


i0.068661741*"' 
i0.576521641*"' 
i0.838714941*"' 
i0.971264161*"' 
il. 085884861*:' 
il.22542023.fr' + K 
il. 488831981*:' 
il. 797472421*:' 
il. 947228041*:' 


i0.065983541*"' 
i0.577068771*"' 
i0.842500341*"' 
i0.97027666K' 
il. 080058651*:' 
il. 215776901*:' + K 
il. 491562701*:' 
il. 806757671*:' 
il. 950083841*:' 


2 


il. 068661741*:' 
il.576521641*"' 
il. 838714941s:' 
il. 971264161*"' 
i0.085884861*"' 
i0.225420231T' + K 
i0.488831981*"' 
i0.797472421*"' 
20.947228041*"' 


il. 06598354^' 
11.57706877^' 
il. 842500341s:' 
il. 970276661*:' 
i0.080058651*"' 
i0.215776901*"' + K 
i0.491562701*"' 
i0.80675767K' 
20.950083841*"' 


3 


i0.096824521*"' + K 
i0.31149066ir' + K 
i0.564704291*"' + K 
iO.800759931*:' + K 
%K' + K 

i 1.1 99240061*:' + K 
il. 435295701*:' + K 
il. 688509331*:' + K 
il. 903041751*:' + K 


i0.098031861*"' + K 
i0.313326541*"' + K 
i0.563890291*"' + K 
i0.798961121*"' +K 
iK' + K 

il.20103887K' + K 
il. 436109701*:' + K 
il. 686673451*:' + K 
il. 901968131*:' + K 


4 


il. 096824521*:' + K 
il. 31 1490661*:' + K 
il. 564704291*:' + K 
il. 800759931*:' + K 
K 

iO. 199240061*"' + K 
i0.435295701T' + K 
i0.688509331T' + K 
i0.903041751*"' + K 


il. 098031861*:' + K 
il. 313326541*"' + K 
i 1.563890291*"' + K 
i 1.79896 11 21*:' + K 
K 

i0.20103887K' + K 
iO.436109701*"' + K 
iO.686673451*"' + K 
iO.901968131*"' + K 
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„ r/ , v H'(aj - an + m2r} ) mv 

-2K(aj)> > ' —hf + KiaA—— — 

1 ]> ^ti H(a j -a l + m2rj ) 1 j; X 

where v ^ the ordinary Bethe roots which occur in pairs, j — 1, 

Co = exp(2niurj / K) 

no 

p fe ( aj )=n^K'-4 0) +^ ) 

^(a,-) = ^(aj- + (2A; - 1)770) 

and 



km = £ 



CQ-^$ fc + 1 («i) 
1 + 
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V. THE GROUND STATE FOR ODD N AND rj = 2K/3 

To gain insight into these solutions which have the pairing property and are not obtained 
from2~£ we consider the simplest case rj = 2K/3 and recall that in this case Baxter— has, 
by means of the inversion relation found that the transfer matrix has an exact (doubly 
degenerate) eigenvalue 

T(v) = (a(v) + b{v)) N = [ P e(0)h(v)] N (5.1) 
This is the eight vertex generalization of the six vertex problem at A = —1/2 considered 
The TQ equation (jl.7p for the eigenvalue of T(v) given by (15.1 j) is 

h(v) N Q Ny (v) = h{v- 2K/3) N Q N y (v + AK/3) + h(v + 2K/3) N Q Ny (v - AK/3) (5.2) 

Using (|A4p and the fact that N is odd (15.21) is rewritten as 

h{v) N Q Ny {v) = -h(v + AK/3) N Q Ny {v + AK/3) - h(v - AK/3) N Q Ny {v - AK/3). (5.3) 

It is easy to see that if Qn,u'( v ) satisfies (I5.3P that Qn,u'(~ v ) will satisfy the equation also. 
Thus we can require that our two independent solutions satisfy 

Qn,A-v) = Q%A V ) ( 5 - 4 ) 

Q°nA- v ) = -Q°nAv). (5.5) 

The odd solution, however, cannot occur. This can be seen if we note that both Q e N u ,(v) 
and Q°n u i{v) can be written as 

(JV-l)/2 

Q v £,Av) = e- i ^ v/2K H(v-v ) J] H(v-v,)H(v + Vj ) (5.6) 

3=1 

with Vj purely imaginary and an appropriate choice of vq. From the quasi-periodicity of 
Qjv^/ it follows that the sum rule holds (12 .4p and thus we find that 

Re(v ) = K (5.7) 

and similarly the quasiperiodicity requires (I2.5P to hold and thus we find that either 

lm(v ) = K', u' = 0, u = l or (5.8) 
Im(vo) =0, v' = 1, v = (5.9) 

For either (15. 8p or (15. 9p it follows from the properties flA4p and (I A5[) that for vq = 0, iK' 
that Q V j^ u ,(v) is even and thus Q° Nu /(v) does not occur. 
We now define 

f N y(v) = h(v) N Q Ny (v) (5.10) 

and thus (I5.3P becomes 

f N y(v) + f Ny (v - AK/3) + f Ny (v + AK/3) = 0. (5.11) 
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TABLE II: A comparison of the roots of numerical solutions of the TQ equation for rj = 0.65K 
and r\ = 2K/3 for N = 9 and q = 0.2. In states 1 and 2 a three string develops as r] — > 2K/3 
which drops out of the TQ equation at rj = 2K/3. At rj = 2K/3 the six roots obtained from the 
TQ equation occur in pairs Vk and Vk + iK'. States 3 and 4 are the two degenerate ground states 
which have no L strings. The roots are accurate to the number of significant figures given. 



State 


rj = mk 


j] = 2K/3 


1 


i0.1548264.fr' 

i0.40419528.fr' 

i0.92299060.fr' 

il.13102864.fr' 

il.37507482.fr' 

il.94364493.fr' 

il.68925695.fr' + 0. 27932034.fr 
il.68925695.fr' + 1.72067964K" 
il.68972529.fr' + if 


i0.14488580.fr' 
i0.39698346.fr' 
i0.92807395.fr' 
il.14488580.fr' 
il.39698346.fr' 
il.92807395.fr' 


2 


il.1548264.fr' 

il.40419528.fr' 

il.92299060.fr' 

iO. 13102864.fr' 

i0.37507482.fr' 

i0.94364493.fr' 

i0.68925695.fr' + 0.27932034^ 
i0.68925695.fr' + 1.72067964^ 
i0.68972529.fr' + K 


il.14488580.fr' 
il.39698346.fr' 
il.92807395.fr' 
i0.14488580.fr' 
i0.39698346.fr' 
i0.92807395ir' 


3 


iO. 06421637.fr' + K 
i0.23183303.fr' + K 

10. 61330441.fr' + K 
i0.86288322.fr' + K 
iK' + K 

11. 13711677.fr' + K 
zl.38669558.fr' + K 
il. 76816695.fr' + K 
il.93568362.fr' + K 


i0.05992394iT' + K 
i0.21760180.fr' + K 
i0.62586149iT' + K 
i0.89718639iT' + K 
iK' + K 

il. 12813602.fr' +K 
il.37413850iT' + K 
il.78239820.fr' + K 
il.94007605ir' + K 


4 


il.06421637.fr' + K 
il.23183303.fr' + K 
il.61330441.fr' + K 
il.86288322.fr' + K 
K 

i0.13711677.fr' + K 
i0.38669558.fr' + K 
i0.76816695.fr' + K 
i0.93568362.fr' + K 


il.05992394.fr' + K 
il. 21760180.fr' +K 
il.62586149iT' + K 
il.89718639.fr' + K 
K 

i0.12813602.fr' +K 
i0.37413850iT' + K 
i0.78239820.fr' + K 
i0.94007605.fr' + K 



12 



TABLE III: Examples of the development of the octet of states with 3 L strings for iV = 9 as 
77 — ► 2K/3 with momentum P = — 2ir/3. The numerical solutions of the TQ equation are given for 
i] = 0.666-fT. The values of the corresponding XYZ spin chain are shown to illustrate the approach 
to degeneracy. Only 4 of the members of the octet are given. The remaining 4 are obtained by 
sending v k — ► v k + iK' (mod 2iK'). The roots for corresponding state with P = 2tt/3 are the 
complex conjugates (mod 2iK') of the roots for P = —2K/3 The roots are accurate to the number 
of significant figures given. 



State 


77 = .666^ 


Hxyz 


1 


i0.10731398.ftr' 

iO. 10854909^' + .66600000K 
i0.10854909.ftr' + 1.3339999K 
i0.56699150.ftr' + K 
i0.56696222.ftr' + 0.33190487^ 
i0.56696222.fcr' + 1.66809512K 

■ r\ r\(\C\<~i A A T ~1 7V"/ 

iO. 99234471a 

i0.99120488.ftr' + 0.66600000^ 
iO. 99120488^' + 1.33400000^ 


-4.7526939 


2 


i0.19439140.ftr' + K 

iO. 19440408 K' + 0.33199252^ 

iO. 19440408-ftT' + 1.66800747^ 

i0.65737246.ftr' 

i0.65549419.ftr' + 0.66600875^ 
i0.65549419.ftr' + 1.33399124^ 
il.8l54068lA 

il.8l65l638.FC' + 0.66600012^ 
11.81651638^' + 1.33399987^ 


-4.7484930 


3 


iO. 19872733 K' + K 
i0.19874105.ftr' + 0.33199370^ 
i0.19874105.ftr' + 1.66800629^ 
i0.90240897.ftr' 

i0.90240470.ftr' + 0.33199551^ 
i0.90240470.ftr' + 1.66800448^ 

/>'1 KAKKA A QO Iff 1 If 

il.56551388.ftr' + 0.33190519^ 
il.56551388.ftr' + 1.66809480^ 


-4.7487136 


4 


i0.47511066.ftr' 

i0.47701987.ftr' + 0.66597664^ 
i0.47701987.ftr' + 1.33402335^ 
i0.90529517.ftr' + K 
i0.90291287.ftr' + 0.33199520^ 
i0.90291287.ftr' + 1.66800480^ 
il.28586937.ftr' 

il.28455121.FC' + 0.66599732^ 
il.28455121.FC' + 1.33400267^ 


-4.7457518 
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TABLE IV: Examples of the development of the octet of states with 3 L strings for N = 9 as 
rj — > 2K/3 with momentum P = 0. The numerical solutions of the TQ equation are given for 
rj = 0.666A". The values of the corresponding XYZ spin chain are shown to illustrate the approach 
to degeneracy. Only 4 of the members of the octet are given.. The remaining 4 are obtained by 
sending Vk — > v k + iK' (mod 2iK'). The roots in states 1 and 2 are invariant under complex 
conjugations (mod 2iK') and states 3 and 4 transform into each other under complex conjugation 
The roots are accurate to the number of significant figures given. 



State 


rj = .666A" 


Hxyz 


1 


K 

0.33199540^ 
1.66800459 A 
i0.6909044lK"' + K 
i0.69087039A"' + 0, 33197194A" 
i0.69087039A"' + 1.66802805^ 
il. 30955843a + K 
il.30912960A"' + 0.33197194A 
il.30912960A"' + 1.66802805^ 


-4.7484601 


2 


K 

0.33199539^ 
1.66800460^ 
i0.39752759A"' 

i0.39589406A"' + 0.66601414A" 
i0.39589406A"' + 1.33398585^ 
&1.60247240A 

il.604l0593A"' + 0.66601414A" 
il.604l0593A"' + 1.33398585^ 


-4.7440296 


3 


i0.30522748A"' + K 
i0.30525934K"' + 0.33197051A" 
i0.30525934K"' + 1.66802948^ 
i0.78313587A"' 

i0.78155612A"' + 0.66599948A" 
i0.78155612A"' + 1.33400051^ 

il.91302248A"' + 0.66599999A" 
HM3Q2248K' + 1.33400000^ 


-4.7511419 


4 


il. 69477251 A"' + K 

i 1.69474065 K' + 0.33197051A" 

i 1.69474065 K' + 1.33802948^ 

^1.21686441^' 

i 1.2 1844389 K' + 0.66599948A 
i 1.2 1844389 K' + 1.33400051^ 
i0.08803926A' 

i0.086977515A~' + 0.66599999A 
i0.086977515A~' + 1.33400000A" 


-4.7511419 
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TABLE V: A comparison of the roots of numerical solutions of the TQ equation for 77 = 0.398if 
and 77 = 2K/5 for N = 7 and q = 0.2 for states which do not develop L strings or pairs Vk and 
Vk + iK'. States 3 and 4 are the two degenerate ground states. The roots are accurate to the 
number of significant figures given. 



State 


77 = .398K 


77 = 2K/5 


1 


a0.04397370.Ff' 

a'0.20176882if ' + K 

a0.46160907if' 

a0.81633633.Ff' 

al.00694470.ff' 

al.59024152.ff' 

al.87912581.ff' 


aO.04471961.Ff' 

a'0.20257510.Fr' + K 

a0.46092396.Fr' 

a'0.81538032.Ff' 

al.00687865.fr' 

al.59035264.Fr' 

al.87917007if' 


2 


al.04397370.Ff' 

i 1.201 76882 A - ' + K 

al.46160907.Ff' 

al.81633633.Ff' 

a'0.00694470.Ff' 

a'0.59024152.Ff' 

a'0.87912581.Ff' 


al.04471961if' 

al.20257510.Fr' + K 

al.46092396.Fr' 

al.81538032.Fr' 

a0.00687865.fr' 

aU59035264.Fr' 

aU87917007.fr' 


3 


i0.2553638.Ff' + K 
i0.58661122.fr' + K 
aU87889895.Fr' + K 
iK' + K 

al.12110104.Ff' + K 
al.41338877.Fr' + K 
al.74463612.Ff' + K 


aU25505369if' + K 
a0.58678614.Ff' + K 
aU87909858.Fr ' + K 
iK' + K 

al.12090141.Ff' + K 
al.41321385.Ff' + K 
al.74494630if ' + K 


4 


al.2553638if' + K 
al.58661122.Ff' + K 
al.87889895.Fr' + K 
K 

a0.12110104.Ff' + K 
a0.41338877if' + K 
a'0.74463612.Ff' + K 


al.25505369.Ff ' + K 
al.58678614.Ff' + K 
al.87909858.Fr' + K 
K 

aO.12090141.Fr' +K 
a0.41321385.Ff ' + K 
aU74494630.Fr ' + K 



From the quasiperiodicity properties (13.11) and (13.21) and the evenness of Qn,v'(v) we see that 
fNy(v) must also satisfy 

f Ny (v + IK) = f Ny ( v ) (5.12) 

f Ny (v + 2iK') =q- 3N e- 3N ™/ K f Ny (v) (5.13) 
fNy(-v) =-f N y(v) (5.14) 



15 



TABLE VI: A comparison of the roots of numerical solutions of the TQ equation for rj = 0.398X 
and rj = 2K/5 for N = 7 and q = 0.2 for states which do develop 5 strings and paired roots. The 
roots are accurate to the number of significant figures given. 



State 


•q = .398K 


rj = 2K/5 


1 


i0.76120023.fr' 
i 1.75808435 K' 
^1.48754767^' + K 
il.49676120if' + 1.75698935K 
il.49676120fr' + 0.24301064K 
il.49982265iT' + 1.44611774^ 
il.49982265if + 0.55388225^ 


iO.76089181^' 
il.76089181ET' 


2 


il.76120023K' 
i0.75808435K' 
^0.48754767^' + K 
i0.49676120if' + 1.75698935K 
i0.49676120if' + 0.24301064X 
i0.49982265iT' + 1.44611774^ 
i0.49982265iT' + 0.55388225K 


i0.76089181i<:' 
11.76089181^' 



We satisfy (15.121) and (15.141) by writing 

oo 

fNy(v) = fjy e 



with 

and find from (15.131) that 
Thus defining 

we have 
and 



j=-oo 



f—j,v' Jj—l—v',u' 
f — n 3N+2j+l+u' f 

Jj+wy — q Jjy- 
a- , = a-ti+^ffl^l , 



Uj+ZNy — a j,u'i a -j',u' — —dj-l-v'^ 
oo 



j=-oo 



Setting j = r3N + I and using (15. 191) in (I5.20f) we find 

3(JV-l)/2 oo , . 

7 3V(r+i+^l) 2 r i w (r+l±%J2i)3Nv/K _ -i 7r (r+i±^)3Nv/K ] 



fNy (v) 



Z=0 r=- 



which is expressed in terms of the standard theta function with characteristics G 
whose definition and some useful properties are given in the appendix, as 



3(AT-l)/2 

fNy(v) = a iy®c 

1=0 



[l + i/ + 2l)/3N 




(3Nv,3Nt). 



(5.15) 

(5.16) 
(5.17) 

(5.18) 
(5.19) 

(5.20) 

(5.21) 

(v,t), 

(5.22) 
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where 



e. 



[l + u' + 21) /3N 




(3iVt>, 3Nt) = e 



[l + u' + 21) /ZN 




{3Nv,3Nr)-Q 



+ v' + 2l)/3N 


(5.23) 

We now use the form f 1 5 . 2 2 j) in the difference equation (15. lip and then use flAllD to obtain 



3(jV-l)/2 

a^{l + e^ 1+i/+2 ^ 3 

1=0 



+ e 



-i27r(l+i/+2I)/3 



(1 + v' + 21) /ZN 




This equation is satisfied if (for v' = 0, 1) 

ai u i = for 1 + v' + 21 = mod3. 



(3iVv, 3iVr) = 

(5.24) 

(5.25) 



Then in (15.221) for I = mod3 we use (IA15I) to send the characteristic (1 + v' — 2l)/3N to 
— (1 + v 1 — 2l)/3N, and aiy — > —aiy. Then if we use (IA14[) and (IA15[) and send aiy — > 
a «-(Af-i)/2,y' w e may reorder the terms in (I5.22p to write the expression for f^{v) in the more 
elegant form 



(JV-l)/2 

fN,v'(v) = aiy®c 

l=-(N-l)/2 



(61 - 1 - u')/3N 




(3Nv, 3Nr) 



(5.26) 



To determine the remaining iV coefficients aiy we note that from the definition (15 . 10[) 
that fN,v'{v) must have an Nth order zero at v — and v = iK' and thus the first N — 1 
derivatives of fNy(v) must vanish at v — 0, zif . 

To satisfy the condition at v = we note that because /jvy (u) is odd this requires that 
the odd derivatives up to order N — 2 must vanish and therefore we have the (N — l)/2 
equations 



(N-l)/2 
i=-(jV-l)/2 



(6/ - 1 - v')/3N 




(0,3ATr) = (5.27) 
(N — l)/2 where the superscript 2m — 1 indicates the 2m — 1 derivative 



for m = 1, 2, ■ ■ • , 
with respect to v. 

To satisfy the condition at v = iK' we note that for any e 



(3N{v + iK'), 3Nt) = q -W* e -**x*/*KQ o 



1 + e 




(3Nv, 3Nr) (5.28) 



Therefore e nl3Nv / 2K f N y(v + iK') is an odd function of v which is given by 



(N-l)/2 

e m3Nv/2K f N y(v + iK') = q- 3N ^ £ ~a iy & 

J=-(JV-l)/2 



1 + (6/ - 1 - i/)/3JV' 




(3iYv,3iVT). 



(5.29) 

This odd function has a zero of order iV at v = and thus we find the companion equations 
to BZD of 

(7V V /2 s ftOm-D [! + («- 1 - ^)/ 3JVr l 

i=-(jV-l)/2 L u 



(0, 3Nt) = 



(5.30) 



-3Nv,3Nt). 
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form = l,2,---,(JV-l)/2 

The N coefficients di of the expansion (I5.26j) are thus determined from N—l homogeneous 
equations (I5.27P and (15.301) and hence the existence of solutions for the TQ equation for the 
eigenvalue (15.1 j) of T(t>) has been demonstrated. 

Finally we show that 

q ,N/, e ^m,2K fNfl{v + iRl) = fNi{v) (5 31) 

from which if follows that 

q 3N/4 e™ mv / 2K Q Ny=0 (v + iK') = Q Ny=1 (v). (5.32) 
The result (15.311) follows from (15.291) if we can show that 



(JV-l)/2 
Z=-(AT-l)/2 



1 + (6Z — 1)/3JV' 




(AT-l)/2 

(3Nv, 3Nt) = J2 ^,i o 

Z=-(jV-l)/2 



(6/ — 2)/3JV' 




{3Nv, 3A(5)33) 



If (N — l)/2 is even this will follow if we can show that 



ai, = a (JV _i )/2 _, +ljl for 1 < I < (N - l)/2 (5.34) 
a t , = a_ MJV -i )/2 ,i for — (N — l)/2 < Z < (5.35) 

and (I5.34p and (l5.35l) are easily seen to follow from (I5.27P and (15.301) . The case (N — l)/2 
odd is treated in a similar manner and thus (15.311) is established. 

The linear equations (15.271) and (I5.30P can of course be solved as determinants. It would 
be much more helpful, however, if these determinants could be evaluated in some simpler 
form. Such a simplification, if it exists, unfortunately involves identities in theta constants 
which do not seem to be in the literature. We thus content ourselves here with the remark 
that for iV = 3 we have shown that the coefficients di are modular forms for the subgroup 
of the modular group defined by the transformation 

t — > 5.36 

cr + d v ' 

where 

a = 1 mod6iV, 6 = mod2, c = mod3iV, d = 1 mod6iV (5.37) 

VI. THE SIX VERTEX LIMIT 

We may now consider limit q —>■ where the eight vertex model reduces to the six vertex 
model. In this limit 

and in the XXZ Hamiltonian (11.241) we have 

A = cos— (6.2) 



18 



A. N odd, 77 = mK/L with m odd and generic 77 

In the eight vertex model we saw in section 2 for iV odd, 77 = mK/L with m odd and in 
sec. 3 for generic 77 that all states occur in pairs such that for every set of roots Vk there 
is a companion set of roots v%. + %K' and that both eigenvalues of Qtiiv) correspond to 
the same (doubly degenerate) eigenvalues of T(v). This double degeneracy of all transfer 
matrix eigenvalues for chains of odd length follows from the spin inversion symmetry of the 
Boltzmann weights. 

Consider the fundamental region to be given by 

< Re(v) < K and - K'/2 < lm(v) > 3K'/2 (6.3) 
Then the pairing of solutions Vk means that for every solution with n roots in the region 

- K'/2 < lm(v) < K'/2 (6.4) 

and N — n roots in the region 

K'/2 < hn(v) < 3K'/2 (6.5) 

there will be a corresponding solution with N — n roots in (16.41) and n roots in (16.51) . 
Numerical studies indicate that as q — > that the n roots in (16.41) stay a finite distance 
from v = and the N — n roots in (16.51) stay a finite distance from v = %K' . Therefore in 
the limit q —* with v held fixed the quasi periodic functions which are the eigenvalues of 
Q72{v) an d which always have N zeroes in the fundamental region reduce to trigonometric 
polynomials which have n zeroes in the strip < Re(t> ) < it where n can take ALL values 
from to N. These n zeroes satisfy the Bethe's equation obtained from taking the q — > 
limit of (gUJ) 

/ sin(u; — rrm/2L) 
\sin(f; + mir/2L) 

We note in particular the following points: 

1) To every solution of (13.31) with n < (N — l)/2 roots there exists a "companion" 
solution with N — n roots which gives the same eigenvalue of the transfer matrix T(v). This 
is the phenomenon discovered by Pronko and Stroganov^ in the case where 7 in the XX Z 
Hamiltonian (11.241) is irrational. Examples of such pairs are given in table VI. 

2) There are never any solutions with infinite roots or L strings such as occur for even iV 
as seen in^ ancr^. 

3) The limit of the Bethe equation (12. lOj) is formally the same as the limit of (12.141) but 
the equation (12.101) does not allow solutions with n > (N + l)/2. 

This resolution of the question of the existence of solutions to the Bethe's equation (16. 6p 
with n > N/2 with odd iV is very different from the resolution for even iV presented in 7 
which involves both L strings and roots at infinity. 

B. T) = mK/L with m even 

For the eight vertex model with iV odd and m even we saw in sec. 4 that there are two 
types of solutions. Those with L strings with > 1 and with 2ns roots which occur in 



= i sin(t>; — Vj + nrn/L) 
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TABLE VII: Roots of Q(v) for the six vertex model with A = +1/2 with N = 9 illustrating the 
pairing of solutions with n and N — n roots. Each of the paired solutions corresponds to the same 
eigenvalue of the six vertex transfer matrix and XX Z spin chain. The energy eigenvalue Exxz of 
Hxxz an d the corresponding momentum P are given and the =L are to be taken independently. 
The roots for the four negative values of P are the complex conjugates of roots for positive P 



n = 


n = 9 


Exxz 


P 


none 


±i0. 74839 • 


±il.52761 h tt/2 

±zU.o.lt)4/ Zo • • • ± 1.U4H toy • • • 


-2.25 





n = 1 


n = 8 









±il.261399 • • • 
±i0. 281540 ■• • 

±i0.636873 • • • ± 1.048336- •• 


-3.25- • • 





-i0.742104- ■ • 


il.220370- • 
i0.228906 • • • 
-i0.361558--- 
-il.401228--- 

±i0.591172--- ± 1.048234- ■ • 


-2.78208- •• 


2vr/9 


-i0.844260 • • • +vr/2 


i\. 163039- • • 

iO.183634--- 

-i0.616811 • • • 

-zO.737347--- + vr/2 

±i0. 559024 • • • ± 1.0480858 • • • 


-1.59729- •• 


4vr/9 


-i0.346573- • • +vr/2 


il. 176586- • • 

i0.126324--- 

-il.060573 

-i0.359837--- +vr/2 

±i0. 528842 •• • ± 1.047924- •■ 


-0.25 


6tt/9 


-i0.1Q2156 ■ • ■ +vr/2 


il.155571 • • • 

i0.0486462 • • • 

-z'1.128327--- 

-i0.983179 • • • + vr/2 

±i0. 4920739 •• • ± 1.045727- •■ 


0.629385 • • • 


8vr/9 



pairs , + %K' and those with neither L strings nor paired roots where there are two 
solution for Qn,v>{v) where the solutions for v 1 = 0, 1 are paired under v — > v + iK'. 

The first type of solution is of the form previously seen for N even and the six vertex limit 
of these solutions will in general contain L strings which would seem to be in contradiction 
with the statement of sec. 4 of? that "for iV odd no problems appeared" in taking the limit 

The second sort of solution will behave in the six vertex limit in a fashion similar to the 
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case of m odd which is illustrated by considering the limit q — > in the solution for fxy{v). 
When q -> we use (IA171) to find from fl5\26|) that 

(JV-l)/2 

limg_^/jvx(v) = 51 6z,^2isin(6/ - 1 - z/')f (6.7) 

J=-(jV-l)/2 

where 

fo v = hm^,^- 1 ^ 2 / 36 " 2 (6.8) 
and from (I5.27j) the 6^/ satisfy 

(AT-l)/2 

£ 6^(6/-l-^) 2m_1 = 0. (6.9) 

J=-(JV-l)/2 

For the remaining equation (15.301) we use again (lA17j) to find for small q that 

£°=-(at-i)/2 ^g^-^ 6 '- 1 "^""^ + 6/ - 1 - z/') 2m_1 
+ E/ ( fr 1)/2 6i,^g [3JV - 2(6| - 1 - ,/)]/12JV (-3iV + 6/ - 1 - z/') 2 ™- 1 = 0. (6.10) 

We note that in (16.101) there are two types of terms: those where the coefficient of biy 
vanishes as q — > which impose no constraint on biy and those where the coefficient of biy 
diverges as q — > which forces the biy to vanish. We thus find 
for v' = 



and 



while 
for z/ = 1 



N - 1 N - 1 TV - 1 

for — - — integer 7^ only for — < I < — - — (6-H) 



j\T — 3 AT — 3 AT — 3 

for — - — integer 7^ only for — < I < — - — (6.12) 



. N —1 , , . N -1 , N-l /N 

for — - — integer b^ Q only for h 1 < I < — - — (6.13) 



and 



N — 3 N — 3 N — 3 
for — - — integer b^ ^ only for — < I < — h 1 (6.14) 

For v' = and {N-l) /A an integer we use flBTTTD in ([62]) and ([63]) with I = {N-l)/A-k 
and bifi = to find 

(7V-l)/2 

lim^oWu) = -2i £ « fc sin(6A;-3(7V-l)/2 + l) (6.15) 

fc=0 

with 

(7V-l)/2 

£ a fc (6fc-3(7V- l)/2 + l) 2m - 1 = (6.16) 

k=0 
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and for v' = 1 and (JV-3)/4 an integer we use fl6A4|) in ((S2D and fH]) with / = fc — (iV — 3)/4 
and bifi = to find 

(N-l)/2 

lim q ^ f NA (v) = 2i £ a fc sin(6fc-3(iV-l)/2 + l) (6.17) 

fc=0 

where again satisfies (16.161) . 

For the 6 vertex model the problem of finding a solution of the TQ equation with (iV— 1)/2 
Bethe roots for the 6 vertex eigenvalue T 6 (t>) = (sinf)^ has been previously studied by 
Stroganov^. If we note that the function / s trog(f ) of^ satisfies 

W« + tt) = (-l) (Ar+1)/2 /st rog (^) (6.18) 

instead of (I5.12p it is seen that (I6.15I) - (I6.17I) agrees with / str0 g(f) for all odd N. 

For v' = and ( iV - 3) /4 an integer we use (16321) in (J52D and with Z = k - (N- 3)/4 
and &; j0 = to find 

(iV-3)/2 

lim^o/^o^) = 2i £ /? fc si n (6A;-3(/V-l)/2 + 2) (6.19) 

fc=0 

where 

(JV-3)/2 

£ /3 fe (6/c-3(iV- l)/2 + 2) 2m - 1 = (6.20) 

fc=0 

and for v' — 1 and (TV — l)/4 an integer we use (16 . 13[) with Z = (N — l)/A — k and = 
to find 

(iV-3)/2 

lim^oiW,i(^) =2z £ sin(6A; - 3(N - l)/2 + 2) (6.21) 

where the /3k still satisfy (16.201) . These functions are of the form of the "second solution" 
g(v) eqn. (12) of Stroganov^ except the upper limit of (16.191) and (I6.2ip is (iV — 3)/2 instead 
of(JV-l)/2 

VII. DISCUSSION 

The difficulty of discussing what in the literature is called "Baxter's Q" is that over the 
years three different objects have been defined which have all been denoted by the same 
symbol and all of which satisfy a "TQ" equation (11.71) . 

A. Three definitions of Q 

The first definition of Q is the matrix, which we have here called Q^^), defined in 2 only 
when T) satisfies the root of unity condition (ll.4p . The definition requires an auxiliary matrix 
Q 72j r(v) to be nonsingular and in paper I- we found that if m is even and N is odd or when 
m and N are both even and N > L — 1 then the nonsingularity assumption on Q72.it (f) 
fails. The matrix Q 7 2(f) commutes with S but not with R and satisfies the quasiperiodicity 
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relations (11.131) and (I1.14p . We have seen repeatedly in^ and in this present paper that the 
eigenvalues of Q 7 2{v) are in general of the form (12.11) 



N 

Q 72 (v) = K{q, v k )exp(-ivTCv/2K) H H(v - Vj ) (7.1) 

3=1 

where the Vj satisfy the sum rules (12.41) and (12.51) . The matrix Q 7 2{v) has no degenerate 
eigenvalues even though many of the eigenvalues of T(v ) are degenerate. 

The second definition of Q is the matrix we have here called Q73(t>) defined in sec. 6 
o£2 and in sec. 10.5 of^ for generic values of rj not just those satisfying the root of unity 
condition (jl.4p . This definition applies only for iV even. The matrix Q,7s(v) commutes with 
both S and R and it is shown in (10.5.43) of^ that it satisfies the quasiperiodicity relations 
GEE] and (jTX7j) . All eigenvalues of Q 73 (v) are of the form (123) o£ [and (10.6.8) o£] 

N/2 

Q 73 (v) = e 2i ™l[h(v-v j ) (7.2) 

i=i 

where the Vj satisfy the sum rule (125) of^ [ and (10.6.7) of^] which depends on the eigenvalues 
of S and R. The matrices Qniv) and Q 73 (v) are not similar to each other and the eigenvalues 
of the form (17.21) with generic rj cannot in general specialize to (17.11) when rj is a root of unity. 

There is yet one more definition of Q given in (1.24) of^ and (132) of^. In this definition 
Q(v) is (a set of) scalar function(s) defined by 

n B 

Q(v) = Y[h(v-v 3 ) (7.3) 

3=1 

where [see (11.181) ] iV = 2ub + L 73 til, the Vj are the solutions of the Bethe's equation (I2.10p 
which is derived for the related solid on solid model defined for rj satisfying the root of 
unity condition (11.41) and there is no sum rule on the Vj unless n L = [see footnote 15 
o&\. The properties of this scalar Q(v) under translations v — > v + 2K and v — > v + iK' 
[given in (134) o&\ are obtained directly from flA80 and in contrast with the quasiperiodicity 
properties (11.161) and (11.171) will explicitly involve the sum of the roots J2k v k which cannot 
be eliminated due to the lack of a sum rule. 

From the definition (17. 3p of Q(v) a matrix is constructed in (1.29) of 5 with the assumption 
that all eigenvalues of T(v) can be obtained from these scalar functions Q(v) which are now 
regarded as eigenvalues of some matrix. However all eigenvalues of T(v) for odd N and 
many eigenvalues for even N are at least doubly degenerate. All degenerate eigenvalues of 
T(v) have the same tib Bethe roots Vj in (17. 3p and thus this construction must lead to a 
matrix Q(f) which also has degenerate eigenvalues and hence the eigenvalues of this Q(f) 
contain no information about the multiplicities of the eigenvalues of T(t>). 



B. Quasiperiodicity conditions 



All three definitions of Q(v) discussed above solve the same TQ equation. They differ 
only in which quasiperiodicity conditions (I3.ip - (I3.2I) or (I1.16l) - (ll.l7p are imposed. These may 
be thought of as boundary conditions for the TQ difference equation. We emphasize that at 
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roots of unity the TQ equation is in general not sufficient to determine all the eigenvalues 
of Q(t> ) but is it a necessary condition that any Q(t> ) matrix must satisfy. 

The quasiperiodicity condition (I3.1l) - (l3.2p comes from the assumption that Q(v) com- 
mutes with S and that all eigenvalues of Q(v) are quasiperiodic entire functions with N 
zeroes in the fundamental region of the Boltzmann weights (II .2p . If Q(t>) has no degener- 
ate eigenvalues and if its rank is 2 N then the eigenvalues of Q(t>) will characterize all the 
(possibly degenerate) eigenvalues of T(v). 

The quasiperiodicity condition (I1.16l) - (ll.l7p imposes the additional restriction that the 
zeroes must occur in pairs Vk and Vk + iK' (which is possible only for N even). These 
quasiperiodicity conditions have been extensively discussed in the literature. They are the 
conditions used in^,- and^ to solve the 8 vertex model with N even for 77 either generic or 
a root of unity. A mathematical study of the solutions of the TQ equation (11.71) with these 
quasiperiodicity conditions was made 

The principle "new development" of this and the previous paper- is the introduction of 
the quasiperiodicity conditions (I3.1l) - (l3.2p which are less restrictive than the quasiperiodicity 
conditions (11.161) and (I1.17P satisfied by Q73(f ). 

The quasiperiodicity condition (13. 2p was first seen in& to apply to Q72(f) defined for roots 
of unity. For odd N (13. 2p must be used for all 77 because for odd N R and S do not commute 
and it is impossible to diagonalize Q(t> ), S and R at the same time. Hence it follows that 
(I1.17P cannot be applied in this case. 

C. Second solutions 

The TQ equation is a second order difference equation and as such it is expected to have 
two independent solutions. For the quasiperiodicity conditions (I3.1l) - (l3.2p this is quite ob- 
vious because if Q(t> ) satisfies the TQ equation (I1.7P then e lnNvj/2K Q(v + iK') satisfies the 
same equation. Therefore as long as Q(t> ) and e mNv ' 2K (^(v + iK') are linearly independent 
the TQ (11.71) equation will have two solutions. For odd N these two solutions are charac- 
terized by the two values of quantum number v' = 0, 1 whereas for even N both solutions 
have the same value of v' . These two linearly independent solutions for Q(t>) correspond to 
the degeneracy of the eigenvalues of T(v ) under spin reversal. 

The only situation where this linear independence fails is when the quasiperiodicity (I1.17P 
holds. This can only happen for N even and the mathematical existence of a second solution 
for 77 not a root of unity has been discussed This solution is the analogue of a second 
solution of linear differential equations with equal roots of the indicial equation. These 
solutions will not be entire functions of the variable v and hence will not be allowed solutions 
for the 8 vertex model. This agrees with fact that for iV even and 77 not a root of unity the 
eigenvalues of T(t>) are not degenerate^. 

D. The six vertex limit 

For odd iV the six vertex limit of the TQ equation with the quasiperiodicity conditions 
(13. 2p is easily taken. For m odd the two independent solutions Q(t>) and e lnNv ^ 2K Q(v + iK') 
smoothly go to the solutions given by£,- and^ where one solution has less that N/2 roots 
and one solution has more that N/2 roots. The corresponding eigenvalues of the transfer 
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matrix are doubly degenerate under spin inversion. The six vertex case for m even is treated 

For even N the limit is more subtle. When 77 is not a root of unity and N is even 
the quasiperiodicity relation (I1.17P holds. This quasiperiodicity relation does not allow for 
spin doublets. The eigenvectors of Q(t>) are eigenvectors of R and the eigenvalues which 
correspond to the two different eigenvalues of R are different^—,-. In the 6 vertex limit the 
eigenvectors of the 8 vertex model will go to linear combinations of Bethe vectors which 
are eigenvectors of S z . For generic 77 the six vertex model has two solutions 9 Q(t> ) of the 
TQ equation but one of these violates the analyticity assumptions needed for Q(t> ) to be 
relevant for the 6 vertex model. A resolution of this in terms of roots at infinity is given in^. 

The case of even N and rj a root of unity is also discussed in^ anc-22. 



E. Conclusion 

In this paper we have seen for odd N with 77 = mK/L and m odd that the zeroes of 
Q72O ) do not satisfy what is usually called "Bethe's" equation (12.101) but instead satisfy the 
more general generic equation for roots (13.31) . We conjecture that for irrational rj/K a matrix 
Q(f) exists which satisfies the TQ equation (ll.7p with (11.51) . (II .61) and the quasiperiodicity 
conditions (13. ip . (13.21) . The roots of this conjectured matrix will also satisfy (13.31) . For 
neither 77 = mK/L with m odd nor for irrational rj/K will there be any L strings or paired 
roots v k, Vk + %K! 

For N odd and 77 = 2mK/L no Q(t>) is known to exist but the limit 77 — > 2mK/L was 
studied above and it was seen that there are two distinct classes of eigenvalues Q{v)\ 1) 
those which do not have L strings or paired roots and 2) those which have an odd number of 
L strings ni > 1 and the remaining roots all occur in pairs. This second class of eigenvalues 
are obtained from the eigenvectors of T(v ) computed in ref — from considering the related 
SOS model. We conjecture that a Q(t> ) matrix exists which will incorporate both the states 
computed by ref.>2~£ and those which are not computed by those methods. The existence of 
L strings and degenerate eigenvalues of T(v) implies that this Q(t> ) will not be unique. 
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APPENDIX A: PROPERTIES OF THETA FUNCTIONS 

The definition of Jacobi theta functions of nome q is 

00 

H(v) = 2 ^(-l) n -Y n ^) 2 S m[(2n - l)nv/2K] (Al) 

n=l 

00 

9(» = 1 + 2 ]T (-l)V 2 cos(nvTv/K) (A2) 

n=l 
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where K and K' are the standard elliptic integrals of the first kind and 



q = e~ wK ' /K = e i7TT 
These theta functions satisfy the quasiperiodicity relations 

= -H(v) 



- l »-™l K H{v) 



-q e 



H(v + 2K) 
H(v + 2iK') 

Q(v + 2K) = &(v) 

Q(v + 2%K') = -q- l e-™l K Q{v) 

From (IA2I) we see that Q(v) and H(v ) are not independent but satisfy 

e(v±iK') =±iq- l / i e^H(v) 
H(v ± iK') = ±ig~ 1 /4 e Tff 9^) 

Theta functions with characteristics e and e' are defined as 



6 



(v,r) = £ 



x «7r(n+e/2) 2 r ni(n-\-e/2)(u/ K+e') 



E 



x Jn+e/2) 2 p -wi(n+e/2){u/K+e') 

n=-oo y c 



In this notation 



H(v) 



-e 



( V ), e(«) = e 



These theta functions satisfy the quasiperiodicity conditions 
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(v + 2K, t) = e t7re Q 



(v,t) 



and 







(v + 2iK' t) 



(A3) 



(A4) 
(A5) 
(A6) 
(A7) 



(A8) 



These quasiperiodicity properties guarantee that e , (v, r) has exactly 
fundamental region 

< Re(v) <2K, < lm(v) < 2K'. 
The functions have the further properties that 







e ± 2m 
e'±2n 







[V,T 



— e 




e 






-e' 







{-v,t)., 







+ iK') = g-l/4 e -i«'/2 e -W2K e 



e + 1 



(v,r) 



(A9) 
(A10) 

(All) 

(A12) 
one zero in the 
(A13) 

(A14) 

(A15) 
(A16) 
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and as q — > with |e| < 1 we have 







IV, T 



? e 2 /4 e 7rif(«/if+ £ ')_ 



(A17) 



Further discussion and properties can be found in reference books on theta functions such 
as^ and2£. 
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